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Math 70 7 .8 Variation 

Objectives: 
1) Direct variation 
2) Inverse variation 
3) Joint variation 

Key words for recognizing variation problems: "varies" or "proportional" 

Model Words Translation to Model equation Graph of model if 
math k=2 

"y varies directly :r; as x" "y varies" is always 
y=k· 

Direct 
"y is directly y=kx 

proportional to x" "directly" means x ·1 ' ' ' < 

is in the numerator 
"y varies as x" ofRHS 

"y varies inversely 
"y varies" is always 

:~ y=k· 1 
as x" y=k·-

x 
Inverse "inversely" means or ' ' 

~ 

''y is inversely 
xis in the k -\ proportional to x" 

denominator of y=-
x 

RHS 

"Joint" means that "y varies" is always 

3 or more y=k· 

variables are 
involved. "directly" means x 

and w 2 are in the 
X·W

2 
Not a 2-dimensional Joint Example: "y numerator of RHS y=k·--

varies jointly as x z·Vv graph 

and the square of "inversely" means 
w, and inversely z and Vw are in 
as z and the cube the denominator of 

root ofv" RHS 

Cautions: 
• Direct variation problems can be solved by proportions. Inverse and Joint variation cannot! 
• Variation equations have only multiply and divide, never add or subtract. 
• Always write units on the final answer. 
• Use units to help identify which values go with which variables. 

Process that works for ANY type of variation problem: 

Step 1: Define any variables, if needed. {Use letters that make sense.) 
Step 2: Translate the sentence into an equation of variation. Don't forget k! 
Step 3: Substitute a complete set of numbers (given in question) and solve fork. 
Step 4: Solve the incomplete set of numbers (given in question) and solve to answer the question. 



Examples 

~ 1. Hooke's law states that the distance a spring stretches is directly proportional to the weight attached to the 
spring. If a 40-pound weight attached to a spring stretches the spring 5 inches, find the distance that a 65 pound 
weight will stretch that same spring. 

2. Boyle's law says that if the temperature stays the same, the pressure P of a gas is inversely proportional to the 
volume V. If a cylinder in a steam engine has a pressure of 960 kilopascals when the volume is 1.4 cubic meters, 
find the pressure when the volume increases to 2.5 cubic meters. 

3. The lateral surface area of a cylinder varies jointly as its radius and height. 
a. Express this surface area Sin terms of radius rand height h. 

b. If the lateral surface area is 20.7r square cm when the radius is 2 cm and the height is 5 cm, find the exact 
constant of variation and the equation of variation. 

c. Find the radius when the lateral surface area is 40.7r square cm and the height is 2 cm. 

4. The maximum weight that a circular column can support is directly proportional to the fourth power of its 
diameter and is inversely proportional to the square of its height. A 2-meter-diameter column that is 8 meters in 
height can support 1 ton. Find the weight that a I-meter-diameter column that is 4 meters in height can 
support. 



Extras: 

1. The maximum weight that a rectangular beam can support varies jointly as its width and the square of its 
height and inversely as its length. If a beam Vi foot wide, 1/3 foot high, and 10 feet long can support 12 tons, 
find how much a similar beam can support if the beam is 2/3 foot wide, Vi foot high, and 16 feet long. 

2. The horsepower to drive a boat varies directly as the cube of the speed of the boat. If the speed of the boat 
is to double, determine the corresponding increase in horsepower required. 

3. The volume of a cone varies jointly as its height and the square of its radius. If the volume of a cone is 32.7r 
cubic inches when the radius is 4 inches and the height is 6 inches, find the volume of a cone when the radius 
is 3 inches and the height is 5 inches. 

4. The intensity of light (in foot-candles) varies inversely as the square of x, the distance in feet from the light 
source. The intensity of light 2 feet from the source is 80 foot-candles. How far away is the source if the 
intensity of light is 5 foot-candles? 
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Math 70 Practice Problems for Variation 

1. Hooke's law states that the distance a spring stretches is directly proportional to the weight attached to the 
/'·· spring. If a 40;ound weight attached to a spring stretches the spring 5 inches, find the distance that a 65 

pound weight Will stretch that same spring. 
:+:? \: D:::: \< • vJ ~-=- d Is.~~~ 

VJ-==- w..e.-1;:1 k+ 
skp2 : .5 :=. k. ·4'0 

t=~ 

~3: 1:>~ -t· bS = 1~1=(%.1;,s~J 

2. Boyle's law says that if the temperature stays the same, the pressure P of a gas is inversely proportional to 
the volume V. If a cylinder in a steam engine has a pressme of 960 kilopascals when the volume is 1.4 
cubic meters, find the pressure when the volume increases to 2.5 cubic meters. 
~)'. 'P~~·j_ y 
s\ee?. : ep bD = £.._ 

1.~ 

·1.it+Lt = ~ 

~. lat 3. The eral surface area of a cylinder varies jointly as its radius and height. 
a Express this surface area S in terms of radius r and height h. 
b. If the lateral surface area is 201l" square cm when the radius is 2 cm and the height is 5 cm, find the 

exact constant of variation and the equation of variation. 
c. Find the radius when the lateral surface area is 401l" square cm and the height is 2 cm. 

oi. ~ .:&:£ I : f S==- \<.· r · h 1 
'a~ *£2: ~o-rr::=. ~·~-S 

r~ir=~ 1 

4-oir = ?..Jr. k. • ~ 

{ tocvn =~ I 
4. The maximum weight that a circular column can support is directly proportional to the fourth power ofits 

diameter and is inversely proportional to the square of its height A 2-meter-diameter column that is 8 
meters in height can support I ton. Find the weight that a I-meter-diameter column that is 4 meters in 
height can support. \J\J~(~+~ w 

rf..?O.)C w.e.1~ i' Mred-·ll..( 4~ po vier d.\a.1M.eA-e_..- diot.~e.~~ ~ 
c...o ( IA.lllhV1 f"opn-H CMAl iol'\v.e,.-;~ly st.t~ 0£ ke\Di\.,.i- \.iei111"'+~'-" 
Sv-ffi:rr+-5 , u u 

~: w :=\:::·cl"' 
h'J. 

~2 .. ~:~'7 ~ 
\,\)-:::.-\ ~ 



1. The maximum weight that a rectangular beam can support varies jointly as its ·width and the square of 
its height and inversely as its length. If a beam Yz foot wide, 1/3 foot high, and 10 feet long can 
support 12 tons, find how much a similar beam can support if the beam is 2/3 foot wide, Yz foot high, 
and 16 feet long. 'M,,,.. Y\I\°'-~ w.e.\°c)-~T-

VV' ().>( We\~ h} ~ -w !cl<{{ VJ"' w I t:l~ 
~\ -r-eck-~v J°'~ -sq1AO..~ WA~\ "°'""" '-'-e..('h-'v\1-

'o~~ -;A~d.a- \E!,+ J. ~ QR..W)-~ 
fv\; ~ k . 1.0 • "''\. 

J,. 

\A-:.. \I~ -:::). \ i ~ ~ r,. 1-> J. ~ \ ?.o:: ~ \<. 
~ <a~~ U) :-- \l:l- ~ (l )(J.. \1-

~~\0?. W =:!J k::.. l\C.o 

H-:: ~ lfoO {} )·(t)2 
~ 

E?- ~, o +-o .-$ J 
2. The horsepower to drive a boat varies directly as the cube of the speed of the boat If the speed of the 

boat is to double, determine the corresponding increase in horsewwer required. 
ci>.ll \ ·. ~O"f'S"'f'>v..>e-r vo...it~ c....be. of. 6t)'>R.~ \-\ ::::.. ~or~~fO-W°«' 
~ ~""<~~ )> :: "'°f.e.eo\ 

\.\~k·J? 
~: ~~\e. ~'DG>..e.~ ~ (?.i>J $~~~~e. ~~""f~ 

\-\" ~ )c.. (?.p );, 

~ :;: .~~)" -------~··s~ ..,.,. 'M' 6& .. ..u;; u._.k '"t '<i' J 
3. The vol~;e varies jointly as its height and the square of its radius. If the volume of a cone is 

321l' cubic inches when the radius is 4 inches and the height is 6 inches, find the volume of a cone 
when the radius is 3 inches and the height is 5 inches. \j .,,,.. \fo \u.W\ e., 

~: V~ ~\ eb \_f_1~~t' I;_ ~-;- ~~\~\,.k 
(.,OV\.R. ~\ ~ ~ utu.t l!'o..GM'l.l..S. Tl-=-~!AS 
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re.= 4 ~ 'lb J 
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4. The intensity of light (in foot-candles) varies inversely as the square of x, the distance in feet from the 
light somce. The intensity of light 2 feet from the source is 80 foot-candles. How far away is the . 
source if the intensity of light is 5 foot-candles? I.=-\11\~S-\'I \\I\ .f-oo\--CA.~les. 

~: ~~ ,~~ ~~~~ .. a,~ 'X~&i~h:t.lf\.C.e..\...._+a._e+ 
I"\ \f@/1b.e~ 

+. -==- ~ . 
><""'-

1 
'X=· 

::I=-5 



Math62 Work Rates 

~bjectives 

1) Work rates 

Examples 
Solve. 

1) A painter can finish painting house in 5 hours. Her assistant takes 7 hours to finish the same job. How 
long would it take for them to complete the job if they were working together? 

2) One pump can drain a pool in 9 minutes. When a second pump is also used, the pool only takes 4 

minutes to drain. How long would it take the second pump to drain the pool if it were the only pump in 
use? 

3) One conveyor belt can move 1000 boxes in 7 minutes. Another can move 1000 boxes in 10 minutes. If 
another conveyor belt is added and all three are used, the boxes are moved in 3 minutes. How long 

would it take the third conveyor belt along to do the same job? 

4) A baker can decorate the day's cookie supply four times as fast as his new assistant. It takes 16 minutes 
for them to decorate the day's cookie supply if they work together. How long does each one take if 

,,.--...\ working alone? 

5) Mark and Rachel both work for Smith Landscaping Company. Mark can finish a planting job in 2 hours, 

while if takes Rachel hours 4 hours to finish the same job. If Mark and Rachel will work together on the 
job, and the cost of labor is $40 per hour, what should the labor estimate be? (Round to the nearest 
cent, if necessary.) 



{J) T~ ~ ?cct.\v-.~r ·+-a.Lus ~ koV.:'l-1 -\-o do ~ Qvi'h ;--..12 ~ob> ~ 
\>cU. V\.'k.Y CCVr\ d.o y5 ~· ~ ~b ·,.A. 'DVt.o_.. "1.v·10<. J GK "d- ~do/ hn·~ . 
~s \s ~ \'cV.v~\-e/..r? t>Jv-v-\G.- ~+Q_, 

~ o.. S s~ -5·\-zL ~ uu ?Jrlc:... rCA--4-e \c;. Y'7 }Jo lo ~ lno w'l. . 

~~ ~ ·. l\vL ~ u.J?:Jy-l,l., ~Q_, ~ s ba.~ ())'\ ~ 
u..vJunxn.o"V'\ ·v•"V\e 

7 
?C .bl.AA.-0 ~ CffVV\.4°~+.e.. ~. ~6 ~~ 

--fhts ~ .~-\ w~ )--tCd-e_ y>'-, ~ <fka ~-.,_c--h'DV\ .~d-- do 
\ V\. 'O'A.9--- '\;\_ 0 IA)( • 

C'1:;V-o...1--;~; o..A d ~ ~s- ~Y\IL .oJ..oyl.Q_, ~ t'.:JYLQ. ktn-lJ<-
~.§et" {-"--a..ct\0~ ~ ~0~:-f-l~ 1 v1 ~ k_~ 

_L + _L_ = .J_ 
15 -=f '>(.. 

'30,)(. , J_ -t 3;x. ·J_ -:::::. 3'.J><. -' 
5 :f. )(_. 

l~>c:::.-35"' 

t~ ~ ~"' J 
(1c= ~-g 

Cct vtce-L ~\C-'7 )C 
'? -

~S-x ..., 

~ L-eu:4-e wz;y-1.LJ.. IA.~ -h>~~ . . 
vvz.e_a,vt.S W DYk...i ~~ VVLl7Y..IZ- 4u1 Je_4 I 

~ -h~ +t>~fewA s~-o..tl d be 
£wtallv-z.. -tlt.a-V\ <f! ( ~ --fi~ cJ_DvLR • 
~ 

~f&w& 'd .. : 0t.-<..L--n~ ~cL w-cvl6 ~-t.e... ioia--~ -h~ LJ-;~k.o-~.L 
fD';f'~ ·fD oe+ u.>ov-lc.-~ 476- -ea_c.l. . A cld +v ~ f- DYl-e_ (.i ) J cb · 

')( ¥--:s:- +~:::::.I 

55 · ~ +- '35 · ~ -:::: 3 5 · I 
S- I 

{ K. ·+- "f5 K ~ 3') 



v l7'V\.£- f-1A-~ q VV\. t- IA C) t 0 f- i~ h .:>C-~ 

bv-li (~,e so") .+ VV\-Vll\ -=> * o F (fob -f'D0ef-t..v._ 

S-e~VY\ J_ p·u¥Vt0.:> /)< VY1-4-~ =!> ~ ot ,jo lo ~ 

-' + q 
( - I - - -

x <f 

1~ + 3l:, -= q1X 

?;ft, ~ S-)( 

M~J ;i : _!!__ + 4 -::::: 
q x 

Lf x: -I- ?> t:, ::: q x 

GJ trvti 6-eA,,i- ~ Vh~ · ":> .;- of iob 0-~ 

aVU)~ b.-eOf- to ~ . ":) i'o of- J-6b . ~ 
3 rJ b..e, Lf-1 o.k:.f +~?-+Lu>i. 3 h-1 lA\. .?) ~ -o-f ~h 4--e>~ 
~ -;;; 3 r J k;le,Gt -h~ o...frvY1-e_ ~ -f o+ Joi 0-L~ 

_I + _I + _I :=:::: _f 
.q- IO X 3 

3ox ·+ ;2/-?C -+ ?...10 = '7D)C 

I;}/ 9( .f- °d- (0 = 7 D?C 

3 -t 3 ·- -., 1 (.) 

?-co=- ICf'X 

3 . 
+ -- -::::. I 
~ 

LLD = -:ro-x 



X = -h ~ - -t.• vvuz_ -f:v.v b~~ -'.:..:-:. y)( 
4 )l = lo i CO'ae,-r -h VVt..e.- _ ·-h VV\..L. ft,-..,- a.S S \~ :::;:::) y't:x 

\to:=:: +r~+o~ -~ >< (.,, 

l " -'- 'i -=- ~ 
r!lo VVl ~ vt. =- >c - ID cJe.v- \ l __ ~~~~-~~~~~---1 

Lt- ><= ( ?-o) -::{'-_8o_~_l _v-i __ ==_cx_s_s_i._-s_-hv--i __ +.._Jj 

((,,. - + I&, =- l 
x ~ 

'94 + llP -:::.. LJ,ie 

80 :=: 4 y:_ 

;)..[)-'BO - )C 
- -4 

_L +J_ - \ 
'2 q >< 

'9-X .+- X -:=:.. L\ 

·;:,y. =- y 

)<: ==- 4/ 3 \....,'L . 

)--'\-e_ +t:uxt ~ '. ~ +- 1:: = ( 
z_ 4 

d-ic +- )( = ~ 

x =- 'do W\. l ""- Bo..ia.r- 1 
4 )( :::.- 'i50 /llA.t ""-- OSi:11 'S-fa"'f- ) 


